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ABSTRACT 

 

 The aim of this research paper is to establish some new integrals involving the 

generalized H–function of two variables. 

 
1. INTRODUCTION:  

 

 The generalized H–function of two variables is given by Shrivastava, H. S. 

P. [2] and defined as follows:   
 
 H       [    |            ] 
  

  =  () ((x
 y d d,            (1)  

where  



aj + j+ Aj)bj jBj) 

() =          ,
  

 
 



dj j)cj j)  

() =          ,
  

 
  
 



fj  Fj)ej  Ej)  

() =          ,
  

 
 
x and y are not equal to zero, and an empty product is interpreted as unity pi, qi, ni and mj are 
non negative integers such that pi ≥ ni ≥ 0, qi ≥ 0, qj ≥ mj ≥ 0, (i = 1, 2, 3; j = 2, 3). Also, all the A’s, 

α’s, B’s, β’s, γ’s, ’s, E’s, and F’s are assumed to the positive quantities for standardization 
purpose.  

x     (aj; j, Aj)1, p1:(cj, j)1, p2:(ej, Ej)1, p3 m1, n1:m2, n2;m3, 

n3 y     (bj; j, Bj)1, q1:(dj, j)1, q2:(fj, Fj)1, q3 p1, q1:p2, q2;p3, q3 

 1   . 

 4

 L2 L1 


j = 1 

 

aj jjbj jBj

j = n1+ 1j = 1 

p1                                     q1 

 

m2 n2 


j = 1 j = 1 

 

dj +jcj j

j = m2 + 1j = n2 + 1 

q2                               p2 

 

n3 m3 


j = 1 j = 1 

 

fj +Fjej Ej

j = m3 + 1j = n3 + 1 

q3                               p3 

 

n1 

j = 1 

m1 



AJMI                                    Vol.08 Issue-02, (July - December, 2016)                    ISSN: 2394-9309 
Aryabhatta Journal of Mathematics and Informatics (Impact Factor- 4.866) 

    Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 

Aryabhatta Journal of Mathematics and Informatics 
                                         http://www.ijmr.net.in email id- irjmss@gmail.com  Page 58 

 The contour L1 is in the -plane and runs from – i∞ to + i∞, with loops, if necessary, to 

ensure that the poles of (dj - j) (j = 1, ..., m2) lie to the right, and the poles of (1 – cj + γj) (j 

= 1, ..., n2), (1 – aj + αj+ Aj) (j = 1, ..., n1) to the left of the contour.  

 The countor L2 is in the -plane and runs from – i∞ to + i∞, with loops, if necessary, to 

ensure that the poles of (fj – Fj) (j = 1, ..., m3) lie to the right, and the poles of (1 – ej + Ej) (j 

= 1, ..., n3), (1 – aj + αj + Aj) (j = 1, ..., n1) to the left of the contour.  
 The generalized H-function of two variables given by (1) is convergent if  
 

 𝑈 =  𝛼𝑗
𝑛1
𝑗=1 +  𝛽𝑗

𝑚1
𝑗=1 +  𝛾𝑗

𝑛2
𝑗 =1 +  𝛿𝑗

𝑚2
𝑗=1  

 

 − 𝛼𝑗
𝑝1
𝑗=𝑛1+1 −  𝛽𝑗

𝑞1
𝑗 =𝑚1+1 −  𝛾𝑗

𝑝2
𝑗=𝑛2+1 −  𝛿𝑗

𝑞2
𝑗=𝑚2+1 ;   (2)  

 

 𝑉 =  𝐴𝑗
𝑛1
𝑗=1 +  𝐵𝑗

𝑚1
𝑗=1 +  𝐸𝑗

𝑛3
𝑗 =1 +  𝐹𝑗

𝑚3
𝑗=1  

 

 − 𝐴𝑗
𝑝1
𝑗=𝑛1+1 −  𝐵𝑗

𝑞1
𝑗=𝑚1+1 −  𝐸𝑗

𝑝3
𝑗 =𝑛3+1 −  𝐹𝑗

𝑞3
𝑗 =𝑚3+1 ,   (3)  

 

where | arg x | < ½ U, | arg y | < ½ V 
 
 In our investigation we shall need the following result:  

 

 From Dixon [1]: 

 

  
sin ⁡(𝑐𝑥)

Γ(𝛼+𝑥)Γ(𝛽−𝑥)

∞

−∞
𝑑𝑥 =

[2cos ⁡(
𝑐

2
)]𝛼+𝛽−2sin ⁡[

1

2
𝑐(𝛽−𝛼)]

Γ(𝛼+𝛽+1)
,        (4) 

 

provided that Re ( + ) < 1, 0 < c <. 
 
2. INTEGRALS: 

 

 In this section, we shall establish following integrals: 

 

 sin⁡(𝑐𝑥)
∞

−∞

Hp1 ,q1 ;p2 ,q2+2;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  

 

[ |η
ζ

(b j ,β j ;B j)1,q1 : d j ,δ j 1,q2
, 1−α−x,u , 1−β+x,u : fj ,Fj 1,q3

(aj ,α j ;Aj )1,p 1 : c j ,γ j 1,p 2
: ej ,Ej 1,p 3 ]dx 

 

 = [2cos⁡(
𝑐

2
)]𝛼+𝛽−2sin⁡[

1

2
𝑐(𝛽 − 𝛼)]Hp1 ,q1;p2 ,q2+1;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  
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                       [ |η

(2cos
𝑐

2
)2u ζ

(b j ,β j ;B j )1,q1 : d j ,δ j 1,q2
, −α−,2u : fj ,Fj 1,q3

(aj ,α j ;Aj )1,p 1 : c j ,γ j 1,p 2
: ej ,Ej  1,p 3 ],   (5)  

    

provided that Re ( + ) < 1, 0 < c <, |arg| < ½U, |arg| < ½V, where U and V are given in 
(2) and (3) respectively. 
 
 

                sin⁡(𝑐𝑥)
∞

−∞

Hp1 ,q1 ;p2+1,q2+1;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  

[ |η
ζ

(b j ,β j ;B j )1,q1 : d j ,δ j 1,q2
, 1−α−x,u : fj ,Fj 1,q 3

(aj ,α j ;Aj )1,p 1 : c j ,γ j 1,p 2
, β−x,−u : ej ,Ej 1,p 3 ]dx 

 

 = [2cos⁡(
𝑐

2
)]𝛼+𝛽−2sin⁡[

1

2
𝑐(𝛽 − 𝛼)]Hp1 ,q1;p2 ,q2+1;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  
 

                     [ |η

(2cos
𝑐

2
)2u ζ

(b j ,β j ;B j)1,q1 : d j ,δ j 1,q 2
, −α−,2u : fj ,Fj 1,q3

(aj ,α j ;A j )1,p 1 : c j ,γ j 1,p 2
: ej ,Ej 1,p 3 ],   (6)  

    

provided that Re ( + ) < 1, 0 < c <, |arg| < ½U, |arg| < ½V, where U and V are given in 
(1.2.43) and (1.2.44) respectively. 
 

Proof of (5):  

 The result (5) can be established by replacing the generalized H–function of two 

variables on the left hand side as contour integral (1), we get  

 

            sin⁡(𝑐𝑥)
∞

−∞
[

1

 2πω  2   𝜙1𝐿2𝐿1
 ρ, 𝜍 𝜃2(𝜌)𝜃3(𝜍) 

1

Γ 𝛼 + 𝑥 + 𝑢ρ Γ 𝛽 − 𝑥 + 𝑢ρ 
ζρ𝜂𝜍𝑑𝜌𝑑𝜍]𝑑𝑥 

 

interchanging the order of integral involved in the process, evaluating the inner integral with the 

help of (4) and applying (1) the definition of generalized H–function of two variables, the value 

of the integral is obtained. On using the same procedure as above, the integral (6) is established. 
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3. PARTICULAR CASE: 

 

On choosing c = /2 in (5), we get following result, which are useful in space science and used in 

explanation of quantum gravitational: 

 

              sin⁡(
π

2
𝑥)

∞

−∞

Hp1 ,q1 ;p2 ,q2+2;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  

[ |η
ζ

(b j ,β j ;B j)1,q1 : d j ,δ j 1,q2
, 1−α−x,u , 1−β+x,u : fj ,Fj 1,q3

(aj ,α j ;Aj )1,p 1 : c j ,γ j 1,p 2
: ej ,Ej 1,p 3 ]dx 

 

 = [ 2]𝛼+𝛽−2sin⁡[
𝜋

4
(𝛽 − 𝛼)]Hp1,q1;p2 ,q2+1;p3 ,q3

m1 ,n1 ;m2 ,n2 ;m3 ,n3  
 

                   [ |η
( 2)2u ζ

(b j ,β j ;B j)1,q 1 : d j ,δ j 1,q2
, −α−,2u : fj ,Fj 1,q3

(aj ,α j ;Aj )1,p 1 : c j ,γ j 1,p 2
: ej ,Ej 1,p 3 ],     (7)  

    

provided that Re ( + ) < 1, |arg| < ½ U, |arg| < ½ V, where U and V are given in (2) and 
(3) respectively. 
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